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We give several classes of facets for the convex hull of incidence vectors of stable 
sets in a K,,,- free graph, including facets with (a, a + I)-valued coefficients, where 
a = 1, 2, 3 ,... . These provide counterexamples to three recent conjectures concerning 
such facets. We also give a necessary and sufficient condition for a minimal 
imperfect graph to be an odd hole or an odd antihole and indicate that minimal 
imperfect K,,,-free graphs satisfy the condition. 
1. INTRODUCTION 
We consider simple (finite, undirected and without loops or multiple 
edges) graphs which have no (vertex-) induced subgraph isomorphic to K,,3, 
i.e., which are K,,,-free. Polynomially time-bounded algorithms for deter- 
mining a maximum cardinality stable set of vertices in a K,,,-free graph have 
recently been presented by Minty [ 141 and by Sbihi [20]. Such algorithms 
may be viewed as the maximization of a linear function over the bounded 
polyhedron whose vertices are the incidence vectors of stable sets in the 
given graph. We examine here the related problem of describing a defining 
system of linear inequalities for such a polyhedron. 
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314 GILES AND TROTTER 
Let graph G = (V, E) have respective vertex and edge sets V and E and let 
P(G) denote the convex hull of the incidence vectors of stable sets in G. A 
linear inequality 
is termed valid for P(G) if (1) holds for all x E P(G). We will assume unless 
otherwise specified that {fi : j E V) and f are integers and that the greatest 
common divisor of {fi : j E V} is 1. Then it is well-known that among these 
valid inequalities for P(G) is a unique minimal set which defines P(G), i.e., 
the facets of P(G), and that a valid inequality for P(G) is a facet of P(G) if 
and only if this inequality holds at equality for 1 V] affinely independent 
incidence vectors of stable sets in G, where 1 . / denotes the cardinality 
function. Among the facets are, of course, the “trivial” facets demanding 
nonnegativity: xi > 0, j E V. All remaining “nontrivial” facets of P(G) are of 
the form (1) with the {J;: j E V} nonnegative integers and f a positive integer 
(e.g., see [7]). 
One verities easily that when C s V is the vertex set of a maximal clique 
(i.e., a maximal complete subgraph) in G, the inequality Cjecxj < 1 is a 
facet of P(G). G is perfect if and only if the maximal clique facets constitute 
the only nontrivial facets of P(G) (see [7, 121). 
The Strong Perfect Graph Conjecture (see [l]) is that G is perfect if and 
only if neither G nor its (edge-) complement G contains as an induced 
subgraph a chordless cycle of length 2k + 1, for k = 2,3,.... Such chordless 
odd cycles are termed odd holes; their complements are called odd antiholes. 
This conjecture was shown to be true for K,*,-free graphs by Parthasarthy 
and Ravindra [ 191. In [ 10, 1 l] polynomial algorithms are given for deter- 
mining a minimum cardinality collection of cliques whose union is V when 
G is a perfect, K,,,-free graph; the validation of these algorithms also 
provides proofs that the Strong Perfect Graph Conjecture holds for K,,,-free 
graphs. In Section 3 we provide a proof, based on the “polyhedral” 
development of the theory of perfect graphs (see [2, 4, 7, 8, 12, 13, 17, 18, 
23, 24]), of the truth of the conjecture for graphs in a class which properly 
contains K,,,-free graphs. 
Thus any K,,,-free graph G for which P(G) has a nontrivial non-clique 
facet must be imperfect, and hence must contain an odd hole or an odd 
antihole as an induced subgraph. Such configurations give rise to valid 
inequalities for P(G) in an obvious way, for if S c V is the vertex set of an 
odd hole in G, then Cj,,xj < (IS] - 1)/2 is clearly valid for P(G); alter- 
natively, when S c V induces an odd antihole in G, zES xi ,< 2 is the 
corresponding valid inequality. For any S c V, define the rank of S, denoted 
r(S), as the maximum cardinality of a stable set in G[S], the subgraph of G 
induced by S. Of course the rank inequality zES xj < r(S) is valid for P(G) 
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for any S L V, all of the inequalities discussed above are of this form, where 
r(S) = 1,2 or (IS] - 1)/2 depending on whether G[S] is a clique, odd 
antihole or odd hole, respectively. And there are other K,,,-free graphs which 
have the cyclic symmetry of cliques, odd holes and odd antiholes (see [21 I). 
For instance, where Y= {1,2 ,..., 10) and E= {{1,2}, (2,3} ,..., (9, lo}, 
{lO,l), {1,3}, {2,4} ,,.., (8,10}, {9,1}, (10,2}}, we have r(l/)=3 and 
xjEV xj < 3 is a facet of P(G). See Fig. 1 for a still different type of graph 
which gives rise to the rank facet z=, xi < 2. In many instances in 
polyhedral combinatorics (e.g., in matching theory [5] or polymatroid inter- 
section theory [6]), appropriately defined rank constraints contain all the 
nontrivial inequalities for defining the polyhedron of interest. In the present 
instance, however, P(G) may have nontrivial non-rank facets; i.e., we may 
have 
X~O: C xj~r(S),S~ V . 
jsS I 
Consider, for example, the graph of Fig. 1 with the additional edge (5, 6). 
Then x,+x,+...+x,+~x,<~ is a facet of P(G). The situation 
generalizes in a natural way, for if G is such that I’= A U C, where 
AnC=0, G[A] is odd antihole, G[C] is a clique and {i, j} E E for all 
i E A, j E C, then one easily verifies that xjEA xi + 2 zjEC xi < 2 is a facet 
of Z’(G). 
Note that whenever S c V contains ]S 1 stable sets of size r(S) whose 
incidence vectors are linearly independent, then the rank inequality xjES xj < 
r(S) is actually a facet for P(G[S]). Such a valid inequality may be 
strengthened to a facet cj,, xi + Cjaves &xi < r(S) of P(G) by determining 
appropriate integer coefficients (& : j E V- S} using the (sequential) 
“lifting” procedure of Padberg [ 161 in the generality in which it is discussed 
in [15]. If G is K,+,- free, then each j E V- S is adjacent to at most 2 
FIGURE 1 
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vertices of any stable set in G[ S] and so& is a nonnegative integer less than 
or equal to 2; i.e., each fj is (0, 1,2)-valued. This result has been also 
observed by Sbihi [20] as motivation for 
CONJECTURE 1. If G is K,,,-free, then all nontrivial facets of P(G) are of 
the form (1) in which each fi is (0, 1,2)-valued. 
Furthermore, note that in the above argument, when & = 2, then each 
stable set in G[S] of size r(S) must contain 2 vertices adjacent to vertexj. 
Since J& xj < r(S) is a facet of P(G[S]), there exists an ] S] X ] S] invertible 
matrix A whose rows are incidence vectors of stable sets in G[S] of size 
r(S). Thus the sum of the columns of A corresponding to neighbors of j is 
the vector of all 2’s and the sum of the remaining columns is the vector 
whose components are r(S) - 2. This contradicts invertibility of A unless j is 
adjacent to each vertex in S, in which case r(S) = 2. And since r(S) = 2, one 
sees (by an appropriate rearrangement of the rows and columns of A) that 
G[S] contains an odd antihole. Thus a coefficient of value 2 implies that G 
contains an induced subgraph of the type discussed in the previous 
paragraph-an odd antihole totally joined to a clique. This motivates the 
following conjecture, which is attributed to Maurras in [20]. 
CONJECTURE 2. If G is K,,,-free and G contains as an induced subgraph 
no vertex totally joined to an odd antihole, then 
P(G)= x>O: 1 xj<r(S),Sc v , 
I jcS I 
Both Conjectures 1 and 2 are false. We show this in Section 2 by 
exhibiting a family of graphs {GO: u = 1, 2,...} such that for each a = 1, 2,..., 
the graph G” is K,,,-free, contains no vertex totally joined to an odd antihole 
as an induced subgraph and P(Ga) has a facet (1) for which each fi is 
(a, a + I)-valued. These facets are elementary in the sense that they can be 
obtained by a single application of Chvatal’s facet generating procedure (see 
[3]) to the associated clique facets. The following conjecture is attributed to 
Edmonds in [20]. 
CONJECTURE 3. If G is K1,j-free, then each nontrivial facet of P(G) can 
be obtained from the clique facets of P(G) by a single application of 
Chvatal’s procedure. 
In Section 2 we give an example which demonstrates that Conjecture 3 is 
also false. 
All the above-mentioned examples of nontrivial facets have the property 
that an orthogonal projection of the facet for P(G) is a rank facet (within 
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scalar multiplication) of P(G[S]) for some S E V. We end Section 2 by 
giving a class of facets without this property. 
2. EXAMPLES 
Let C(l, denote the circulunt graph on n vertices with maximum clique size 
Q + 1; i.e., the vertices of Ci can be enumerated as { 1,2,..., n} so that i is 
adjacent to j if and only if i and j differ by at most a modulo n. Note that for 
t> 2, c:,,, is an odd hole and Ci;+‘, is an odd antihole; Ci is a clique 
whenever a > [n/2], where 1. ] denotes the greatest integer function. As 
discussed earlier, cliques, odd holes and odd antiholes as subgraphs of the 
graph G give rise to facets of P(G); we have also seen that facets of P(G) are 
determined by combining certain pairs of circulants, namely, cliques and odd 
antiholes. We now demonstrate how further such combinations lead to new 
facets. 
Let a be a fixed positive integer with n = 242 + 2) + 1 and consider 
C t” = (S,E), Ci = (T,F), where S= {l, 2 ,..., n}, T= {I’, 2’,..., n’). We 
define the graph Ga = (V”, IF) by Vu = S U T, Ea = E U F U { {j, j’ }, {j, 
7’ 
FIG. 2. The graph G’. 
3’ 
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(j + l)‘},..., {j, (j + 2a + 1)‘}: 1 <j < n}, where indices are taken modulo n. 
G’ is shown in Fig. 2. 
THEOREM 1. Where a = 1, 2,..., 
(U+l)CXj+U 1 Xj8<2U(a+1) 
jcs /‘ET 
(2) 
is a facet of P(G”). 
ProoJ For l<k<n, let D,= {jES: k<j<k+a+ l}U 
{j’ E T: k + a + 1 < j < k + 2a + 1 }. Then G”[D,] is a (maximum) clique 
of G”, so & Esnok~j + z,ETmI,~j, & 1 is a valid inequality for P(G”). Note 
that each vertex of S appears in exactly (a + 2) of the sets D, and each 
vertex of T is in exactly (a + 1) of the Dk’s. Thus multiplying each of the n 
clique inequalities corresponding to the sets D, by the factor (a + l)/(a + 2) 
and then summing the resulting inequalities yields 
((a + 2)(a + l)/(a + 2)) ,z xj + ((a + W + l)/(a + 2)) jzT xj' 
< (2a(a + 2) + l)(a + l)/(a + 2). (3) 
Rounding the coefficients of (3) down to the nearest integer yields (2), and 
so (2) is valid for P(Ga). 
It remains to display 2n linearly independent incidence vectors of stable 
sets in G” which satisfy (2) at equality. Consider the following stable sets for 
i = 1, 2 ,..., n, 
Xi = {j E S: j = i + t(a + 2), t = 0, I,,.,, 2a - 1 }, 
Yi={jES:j=i+t(a+2),t=O,l,..., a-l} 
U (f E T: j = i + (a - l)(a + 2) + (2a + 2) + t(a + l), t = 0, I,..., a}. 
The incidence vectors of these stable sets may be arranged as the rows of a 
matrix of the form A,,’ 0 A= --‘i-- ’ 1 1 A A,, 21 I 
where A ,i, A,, and A,, are the respective incidence matrices of the sets Xi in 
S, Yi in S and Yi in T. Clearly each row of A satisfies (2) at equality, and 
linear independence of the incidence vectors of the stable sets Xi, Yi, 
1 < i < n, is equivalent to invertibility of A ,, and A,, . But since 2a and 
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(a + 1) are relatively prime to n, it follows (see [21]) that A 11 and A,, are 
invertible. fl 
Observe that in G” the set of vertices adjacent to vertex (a + 2) E S 
partitions into two cliques 
and the set of vertices adjacent to vertex (2~ + 2)’ E T partitions into two 
cliques 
Symmetry considerations thus show that the neighbor set of any vertex in V’ 
partitions into two cliques. Consequently G” is K,,,-free and the neighbor set 
of no vertex in V’ contains an odd antihole. Hence the family of graphs {G”: 
a = 1,2,...} demonstrates the falsity of Conjecture 1 and Conjecture 2. 
The proof of Theorem 1 suggests that additional facets may be obtained 
by constructions which produce matrices having the form of A. However, all 
such facets will have (a, a + 1)-valued coeffkients for some positive integer 
a. To see this, suppose that G = (V, E) is K,,,-free, V= S U T, where 
S n T = 0, and (4) is a facet for Z’(G). 
(4) 
In (4) the coeffkients J;,, / E T, now are assumed to be positive rationals. 
We further assume that there exist (V] stable sets whose incidence vectors 
satisfy (4) at equality and can be arranged as the rows of an invertible 
matrix,4 of the form appearing in the proof of Theorem 1, where the 
columns of A i, and A,, correspond to S, those of A,, to T, A,, has ] S] rows, 
each row of A,, has p ones and each row of A,, has q ones. Since the rows 
of A satisfy (4) at equality, invertibility of A implies that 4, = b = 
(r(S) - p)/q, j’ E T. Suppose I c S is a stable set corresponding to a row of 
A,, and .Zs S U T is a stable set corresponding to a row of [A,, i A,,], and 
let Z A .Z denote the symmetric difference of Z and J. K,,,-freeness of G 
implies that the components of G[Z A .Z] must be paths or even cycles. We 
now consider three possible ranges for the value of b. If 0 < b < 1, then 
(.I1 > 111, so some component of G[ZAJ] is a path with both endpoints in 
J-Z. Let K denote the vertices of this path which are in J-Z. Since the 
incidence vectors of Z and J both satisfy (4) at equality, we have 
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b =a/(~ + l), where a + 1 = (Kn TI > 1. Thus we may rewrite (4) in a 
form similar to (2), 
(a + 1) 2 xi + a 2 xi, < (a + 1) r(S). 
jas j'ET 
Facets of this type include those given in Theorem 1. There are other 
examples. For instance, one may verify that an infinite class of facets of the 
form 3J5,,Xj+2xj~~~ I~, x. < 12 is obtained by inserting an edge from each 
vertex j of Ci+ i to vertices p, (j + l)‘,..., (j+ 2k + 1)’ of Ci, where 
n = 5k + 7 for k = 6, 12, 18 ,... . If b = 1, then (4) becomes a rank constraint 
for S U T. An example of this type is given in Fig. 3. Finally, for b > 1 an 
analysis similar to the above shows that (4) is of the form 
a C xj+(u+ l) j~TXjT9ur(S), 
jsS 
where a is a positive integer. The latter case is similar to that described in 
the Introduction; each vertex j’ E T is adjacent to two vertices of any 
maximum stable set in G[S], implying r(S) = 2 and G[T] is a clique with 
{j, j’} E E for all j E S, j’ E T. Note that when A,, = 0 we have qb = r(S) 
and q = r(T). In this case when b = 1 we again obtain a rank facet for S U T 
1’ 
~10. 3. Facet of P(G): c= I Xi + cl”= I ’ xis G 3’ 
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and when b > 1 we again have that r(S) = 2 and G[ T] is a clique totally 
joined to S. When 0 < b < 1, (4) may be rewritten as 
tllb) C xj + C x/s G @)/b = r(T), 
JES j'ET 
which implies that r(T) = 2 and G[S] is a clique totally joined to T. 
The proof of Theorem 1 shows that the facet (2) is derived by one 
application of Chvital’s facet generating procedure [3] to the clique facets of 
P(G”). However, the following example shows that this is not generally true 
for K,,3-free graphs; that is, Conjecture 3 is false. Let G denote the 
complement of the graph in Fig. 4. It is straightforward to check that G is 
K,,,-free and that 
5 
a - x = 2 C xi + x6 + x, + 3x, + x9 + 3x,, < 4 
j=1 
is a valid inequality for P(G). The incidence vectors of the 10 stable sets in 
G t&2), {2,3), {3,4}, {4,5}, (L51, {5,6,7}, {7,g), {g,9}, 1% 10) and 
(6, lo}, are linearly independent and satisfy a . x = 4, so a . x < 4 is a facet 
of P(G). Let B denote the matrix whose rows are the incidence vectors of 
maximal cliques in G. Recall (see [3]) that a . x < 4 is derived by one 
application of Chvatal’s ‘procedure to the clique facets of P(G) if there exists 
a nonnegative vector y, with a component for each row of B, such that 
yB > a and 1~ . i] < 4, where i is the vector of all 1’s. However, x0 = (l/2, 
l/2, l/2, l/2, l/2, 0, 0, 0, 0, 0) satisfies x > 0 and Bx < i, and so if y > 0 
andyB~a,then~y.iJ~~yBxo]~[a.xo]=5.Thusweseethata.x~4 
cannot be derived in this way from the clique facets of P(G). 
Observe that the orthogonal projection of (2) onto the coordinates 






FIG. 4. Facet of P(G): 2 c=, x, + x6 + x, + 3x, + x9 + 3x,, Q 4. 
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assumed to be the case for facet (4) of P(G). In the example above, the 
orthogonal projection of a . x < 4 onto the coordinates corresponding to 
(1, 2,..., 5) = S is a rank facet of P(G[S]). Facets of this type for other 
combinatorial problems have been studied in [25]. However, there exist 
infinitely many K,+,-free graphs G, wedges, with the property that a facet of 
P(G) does not have an orthogonal projection which is a rank facet of 
P(G[S]) for any S s K The complements of three such graphs are 
illustrated in Fig. 5. 
Consider G, = (I’, , E,). The “wiggly” edges of G, are the edges of a 
spanning tree of (7,; so the incidence vectors of the end vertices of these 
edges, together with the incidence vector of { 1, ,2,3}, is a set of 1 V, / linearly 
independent incidence vectors of stable sets in G,. Moreover, /3 . x = 
&xj+2&xj<3 is a valid inequality for P(G,) which is satisfied at 
equality by each of these vectors. Hence p . x < 3 is a facet of P(G,). There 
is no S c V, such that a projection of p + x < 3 onto the coordinates 
corresponding to S is a rank facet for P(G,[S]), because such a set S must 
have r(S) = 3, and the only set of rank 3 is { 1,2, 3}. A similar argument 
shows that c,‘=i xj + 2 JJj’=, xj < 3 is a facet of P(G,) and of P(G,), and in 
FIG. 5. Wedges. 
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both cases has no orthogonal projection which is a rank facet. Observe that 
the appropriate spanning trees of G,, GZ and e3 have two or three “spokes,” 
each of even or each of odd length. Starting with any such spanning tree of 
the complement, one can easily extend the structure of G,, G, and G, to 
produce a wedge G and a facet of P(G) such that no orthogonal projection of 
the facet is a rank facet. 
3. ON THE STRONG PERFECT GRAPH CONJECTURE 
In this section we will use the notation V+ v for VU {v}, and V- v for 
V- (u) and n = ] VI. Let a(G) denote the size of a maximum stable set in 
G = (V, E) and let f?(G) denote the fewest number of cliques of G covering 
V. Clearly a(G) < 0(G), and when a(G[S]) = B(G[S]) for all S s V, G is 
perfecf. Berge (see [l]) has conjectured the following characterization of 
perfect graphs. 
STRONG PERFECT GRAPH CONJECTURE. G is perfect if and only if G 
contains no odd hole or odd antihole as an induced subgraph. 
G is minimal imperfect if G is imperfect but has no imperfect proper 
induced subgraph. Thus the Strong Perfect Graph Conjecture states that odd 
holes and odd antiholes are the only minimal imperfect graphs. Suppose 
G = (V, E) is minimal imperfect with maximum clique size w  and maximum 
stable set size a. Then Padberg [ 171 has established: 
(i) G has exactly n = aw + 1 (maximum) w-cliques and exactly n 
(maximum) a-stable sets. 
(ii) To each w-clique C in G there is a unique a-stable set S in G 
such that C n S = 0. 
(iii) The incidence matrix of w-cliques with vertices is nonsingular 
with all row and column sums equal to o. 
Straightforward consequences of (i)-(iii) are (see [2]): 
(iv) For each v E V, there is a unique partition of V- v into a-stable 
sets. 
(v) For each v E I’, the w-cliques containing v correspond (in the 
sense of (ii)) to the a-stable sets which partition V- v. 
Properties (i)--(v) are valid for any minimal imperfect graph. An 
additional property valid for odd holes and odd antiholes is: 
(*) For each v E V, the partition of V- v into a-stable sets has at 
least two members containing only one neighbor of v. 
582b/3 l/3-6 
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We now show that any minimal imperfect graph with property (*) is an 
odd hole or odd antihole. Thus to establish the Strong Perfect Graph 
Conjecture it suffices to show that (*) is valid for all minimal imperfect 
graphs. 
THEOREM 2. Suppose G = (V, E) is minimal imperfect with maximum 
clique size w and maximum stable set size a. If (*) holds for G, then G is an 
odd hole or odd antihole. 
Proof. It suffices to show that G has a spanning subgraph isomorphic to 
Cz;:, (see [4]). Pick u, E V. By (iv), V- uO partitions into a-stable sets, 
say, S, , S, ,..., S,; thus by (v), uO is in the respectively corresponding (as in 
(ii)) w-cliques C, , C, ,..., C,. By (*), we may assume that u, is adjacent only 
to vertex v,ES,. Thus Sz,S3,...,So and Sw+l=S1+~O-u,, is the 
partition of V - ui into a-stable sets, and vi is in w-cliques C,, C3,..., C,, i, 
where Cw+i ns,,, = 0. Note that vi is adjacent only to u,, E S,, , and by 
(*), we may assume that u, is adjacent only to vertex u, E S,. Consequently 
s,, S4,“‘, SW+,, so+2 = S, + u, - u2 partition V- u2 and u2 is in w-cliques 
C,, C4,..., Cw+2, where Cm+* n Sw+2 = 0. Now u2 is adjacent only to u, in 
S o+2 and (*) assures that u2 also has only one neighbor in some stable set 
anm2 S, , S, ,..., S, + , . Note that we may assume that w  > 2, since when 
w  = 2, it follows immediately from minimal imperfection that G is an odd 
hole. Thus if u2 had only one neighbor in S,, i , it would be uO, since 
uO, u2 E C,. But then So+, + u2 - uO, Sw+2, S, ,..., S, and S,, S, ,..., S, are 
distinct partitions of V - uO, in contradiction to (iv). Thus we may assume 
that u2 is adjacent only to uj E S,. Continuing the construction, we have the 
partition S,, S, ,..., S,, 3 = S, + u2 - uj, of V - uj, so u3 is in o-cliques 
C,, C5,..., Cw+3, with Cw+3nS,+, = 0; uj is adjacent only to u2 E Sw+3. 
If u3 has a single neighbor in S,, *, it is u, , since u, , uj E C, ; if u3 has a 
single neighbor in S,, i, it is uO, since u,,, uj E C,. The first case leads to a 
contradiction of (iv) for V - u, and the second for V - u,. Thus we may 
assume uj adjacent only to uq E S,, and we iterate this procedure. In general, 
at the kth iteration, where 2 <k < n - 1, we have vertex uk and partition 
s ktlr Sk+Z,..., Sk+w of V - uk ; uk is in w-cliques C,, , , C,,, ,..., C, + w  and 
uk is adjacent only to uk- i E Sk+o. For k + 2 Q i Q k + w - 1, if uk has only 
one neighbor in Si, that neighbor must be uiew- i, since uimo-, , uk E Ck+ I ; 
this contradicts (iv) for V- uiew-,. Thus uk has only one neighbor 
‘k+l ESk+l and this determines the partition Sk+ *, Sk + 3 ,..., Sk+ w+, = 
S k+,+~k-~k+, of V-U~+~. Note also uk+,#ui, O<i<k-w, or we 
again derive a contradiction to (iv) for V - vi. Thus the construction 
determines an ordering of the vertices of G, uO, u i ,..., u,- , , for which any w  
consecutive vertices are an w-clique. 1 
It is well-known (e.g., see [22] for a simple proof) that in a minimal 
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imperfect graph G with maximum clique size o, each vertex has at least 
2(w - 1) neighbors. If in addition G is K,,j- free, then the neighbor set of any 
vertex can be covered by two cliques, implying that each vertex has at most 
2(0 - 1) neighbors. Thus minimal imperfect K,,,-free graphs are regular of 
degree 2(w - 1). It follows that such graphs satisfy property (*) and we thus 
obtain the result of Parthasarathy and Ravindra [ 191 as a corollary of 
Theorem 2; this approach has been proposed independently by Tucker (see 
[9, 241). 
COROLLARY. The Strong Perfect Graph Conjecture is valid for K,,,-free 
graphs. 
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